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Abstract 

 

Fundamental performance criteria between action effects and relevant performance 

requirements for serviceability, safety, comfort and functionality are analyzed, 

assuming randomness of the effect action and both randomness and fuzziness of 

performance requirements. Randomness due to natural variability of basic variables is 

handled by commonly used probability theory methods, fuzziness due to vague or 

imprecise definitions of performance requirements is described by basic tools of the 

recently developed theory of fuzzy sets. Both types of uncertainties are combined in 

newly defined fuzzy probabilistic measures of building performance, damage function 

and fuzzy probability of performance failure, which are then analysed and applied 

similarly as conventional probabilistic quantities. An illustrative example of 

optimization of vibration constraints for building structures due to occupancy comfort 

indicates, that commonly considered limiting values for acceleration may be 

uneconomical. However, theoretical models used to describe fuzzy probabilistic 

properties of performance requirements need to be re-examined using adequate 

experimental data. 
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1. Introduction 

 

Performance requirements for serviceability, safety, security, comfort and 

functionality within the spaces of a building may often be affected by various 

uncertainties, which can hardly be entirely described by traditional probabilistic models. 

As a rule, translation of human needs, particularly those concerning occupancy comfort, 

to performance (user) requirements often results in a vague and imprecise definition of 

the technical requirements for relevant performance indicators (deflection, velocity, 

acceleration, etc.). 

Thus, in addition to natural randomness of basic variables, performance requirements 

may be considerably affected by fuzziness in the definition of critical conditions. Two 

types of uncertainty of performance requirements are therefore identified here: 

randomness, handled by commonly used methods of theory of probability and, 

fuzziness, described by basic tools of the recently developed theory of fuzzy sets [2, 7]. 

Similarly as in the case of structural serviceability [3, 4], the fundamental condition of 

building performance, S ≤ R, between an action effect S and a relevant performance 

requirement R, is analysed assuming randomness of S and both randomness and 

fuzziness of R.  

An illustrative example of continuous vibration in offices is used throughout the 

paper to clarify the presented concepts. In this example, it is shown [1, 5, 6] that it is 

impossible to identify a distinct value of an appropriate indicator (root mean square 

value of acceleration) that would separate satisfactory from unsatisfactory performance. 

Typically, a broad transition region is observed, where the building is gradually losing 



its ability to perform adequately and where the degree of damage (inadequate 

performance or malfunction) gradually increases.  

 

2. Theoretical model for performance requirements 

 

Fuzziness due to vagueness and imprecision in the definition of performance 

requirement R is described by membership function νR(x) indicating the degree of 

membership of a structure in a fuzzy set of damaged (unserviceable) structures [3, 4]; 

here x denotes a generic point of a relevant performance indicator (in the illustrative 

example the root mean square value of acceleration) used to assess both S and R. A 

simple piecewise linear membership function νR(x), shown in Fig. 1, is considered in 

the following analysis. This function describes the non-random (deterministic) part of 

uncertainty in requirement R. The randomness of R at each damage level ν = νR(x) is 

described by the normal probability density function ϕR(x|ν) (see Fig. 1), for which the 

normal distribution is considered here. 

The transition region < r1 , r2 >, where a building is gradually losing its ability to 

perform adequately and its damage increases, may be rather broad depending on the 

nature of the performance requirement. In the illustrative example of continuos 

vibration in offices, the upper bound r2 may be a multiple of the lower bound r1 (see [1] 

and the International Standards [5, 6]). An assessment of the lower bound r1 can be 

derived from the root mean square value of acceleration limits which are expected to be 

approximately equal to r1. The acceleration constraints for continuous vibration in 

offices suggested in various countries (see critical review in [1]) are within a range from 

0.02 to 0.06 ms-2. As discussed in [1], the vibration threshold may be even lower, within 



values from 0.01 to 0.02 ms-2. In the case of continuous vibration in offices there is, 

however, a low probability of adverse comment for accelerations bellow 0.02 ms-2 [1]. 

Therefore, this value may be considered as the lower limit r1 bellow which an office is 

assumed to be fully serviceable and perform adequately without any damage.  
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Fig. 1. Fuzzy probabilistic model of performance requirement R. 

 

Assessment of an upper limit r2 is even more difficult than appraisal of the lower 

limit r1. The upper limit r2, above which an office is fully unserviceable, may vary 

considerably depending on the definition of fully unserviceable state of a building. In 

accordance with discussion in [1], adverse comment is probable for accelerations above 

0.10 ms-2. Although this value may not imply full disability of a building space to be 

used as an office, it is accepted here as an assessment of the upper limit r2. To show the 

effect of the upper limit of the transition region on optimum constraints, two indicative 



values r2 = 3 r1 (= 0.06 ms-2) and r2 = 5 r1 (= 0.10 ms-2) are considered in the following 

analysis. 

In addition to fuzziness, performance requirements are also dependent on the natural 

randomness of user needs. As already indicated above, this uncertainty is described in 

Fig. 1 by the normal probability density function ϕR(x|ν). The mean of ϕR(x|ν) for a 

given damage level ν is considered as the value of the indicator x for which ν = νR(x), 

the standard deviation is taken as independent of x and equal to 0.1 r1 (0.002 ms-2).  

The above described theoretical model of performance requirements, including 

fuzziness and randomness characteristics, should however be considered only as a 

conceivable representation of actual user needs. In order to determine more accurate 

and more precise fuzzy probabilistic model of performance requirements, there is an 

urgent need for further development in definitions of newly introduced characteristics 

of performance uncertainties using appropriate experimental data.  

 

3. Fuzzy probabilistic measures of building performance 

 

The damage function DR(x) is defined as the weighted average of damage 

probabilities reduced by the corresponding damage level 
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where N denotes a factor normalising the damage function DR(x) to the conventional 

interval <0, 1 > and is a generic point of x. The damage function D′x R(x) defined by 

equation (1) may be used [3, 4] to specify the design (or characteristic) value of 

performance requirements guaranteeing an acceptable level of the total expected 

damage. Thus, for a given set of fuzziness characteristics r1 and r2, and the randomness 



characteristic σR the design value of a performance requirement R may be specified in a 

rational way using fuzzy probabilistic elements.  

The fuzzy probability of performance (serviceability) failure π is then defined as 

[3,4] 
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where ϕS(x) is the probability density function of the action effect S. Similarly the fuzzy 

probability of performance failure π defined by equation (2) enables formulation of 

various design criteria in terms of relevant randomness as well as fuzziness 

characteristics. Then, however, besides the fuzziness characteristics r1, r2 and the 

randomness characteristic σR of the performance requirement R, the characteristics of 

actions effect S, particularly the mean µS and standard deviation σS are also needed. In 

the following, a symmetric normal (Laplace-Gauss) distribution of S is accepted. The 

general case of asymmetric three parameter lognormal distribution is considered in 

earlier studies [3, 4]. 

 

4. Optimisation procedure 

 

The optimum value of the fuzzy probability of performance failure can be estimated 

using  the technique of design optimisation [3, 4]. It is assumed that the objective 

function is given by the total cost C expressed as a sum 

 C = C0 +  π CD (3) 

where C0 is given as the sum of the construction and maintenance cost, π CD is the 

expected malfunction cost; here CD denotes the cost of full damage (full malfunction or 



serviceability failure). It has been shown [3, 4] that this equation can be used if the 

malfunction cost due to damage level ν  is given as the multiple ν CD (in the illustrative 

example it represents the cost due to disturbance and the lower efficiency of 

occupancies in the offices). Further, it is assumed that both the initial cost C0 and the 

fuzzy probability of performance failure π are dependent on a decision parameter ξ (in 

the illustrative example it is mass per unit length of a floor component) while the cost of 

full damage CD is independent of ξ. 

If C0 is proportional to the decision parameter ξ, and the load effect S is proportional 

to a power ξ−k (k≥1), then the optimum ratio CD /C0 may be expressed [3, 4] as 
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where quantities C0, µS, σS are dependent on the decision parameter ξ. Partial 

derivatives of the fuzzy probability of failure π in equation (4) are to be determined 

using equation (2) and numerical methods. 

 

5. Vibration of a floor member 

 

Vibration of a load bearing horizontal member supporting the floor structure of a 

building may be analysed using the equation of motion [1] for a beam: 
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where v(z,t) denotes the vertical deflection and F(z,t) denotes an load function of a 

generic point z and time t, ξ denotes the mass of the beam per unit length and EJ the 

stiffness of the beam. In the case of vibration criteria for building structures [6] ensuring 



human comfort, the relevant variable used to verify the serviceability conditions of a 

beam is the acceleration a(z,t) which follows from equation (5) as 
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If the decision parameter is the mass per unit length ξ, then the load effect S, being the 

root mean square value of acceleration, can be expressed in terms of ξ as 

 S = K(z) ξ −1   (7) 

where K(z) is a function expressing the shape of the deflection curve. Thus, in this case 

of vibration of a floor member the load effect S is proportional to ξ −1 and the parameter 

k, entering equation (4), is equal to 1.  

The optimum cost ratio CD / C0 obtained from equation (4) for k = 1, σR = 0.1 r1, and 

for r2 / r1 = 3 is shown in Fig. 2 for selected values of µS and σS. Similar results are 

shown in Fig. 3 for r2 / r1 = 5.  
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Fig. 2. The optimum cost ratio CD / C0 for k = 1, σR = 0.1 r1 and r2 / r1= 3.  
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Fig. 3. The optimum cost ratio CD / C0 for k = 1, σR = 0.1 r1 and r2 / r1= 5. 

 

Assuming σR = 0.1 r1 and r2 / r1 = 5 it follows from Fig. 3 that the optimum values of 

CD / C0 are slightly higher than those corresponding to σR = 0.1 r1 and for r2 / r1 = 3, 

which are indicated above in Fig. 2. In both cases (for r2 / r1 = 3 and r2 / r1 = 5) the 

optimum cost ratio CD / C0 for µS > r1 is very low (less than 100) and almost 

independent of the standard deviation σS. 

It is interesting to note that the optimum probability ratio π CD / C0 is relatively 

stable. Fig. 4 shows this quantity for the input data considered in the illustrative 

example for k = 1, σR = 0.1 r1 and r2 / r1= 3 (the resulting values for k = 1, σR = 0.1 r1 

and r2 / r1= 5 are almost exactly the same). It follows that in the analysed case the 

optimum fuzzy probability of performance failure may be assessed using and 

approximate relation 

 π  ≈ 0.1 C0 / CD (8) 



This relationship (8) may be used for a first assessment of the optimum fuzzy 

probability of performance failure π and required structural characteristics for k = 1, σR 

= 0.1 r1 and, for both cases r2 / r1= 3 and r2 / r1= 5. For example, if the expected cost 

ratio CD / C0 = 100, then the optimum fuzzy probability of performance failure π may 

be assessed using equation (8) as 0.001. 
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Fig. 4. The optimum probability ratio π CD /C0 for k = 1, σR = 0.1 r1 and r2 / r1 = 3. 

 

It should be noted that the acceleration constraints required for various building 

spaces and activities [1] may significantly differ (may be characterized by different 

lower and upper limits) from those considered here; thus equation (8) should not be 

applied without appropriate analysis. 

 

6. Discussion 

 

Here we have considered the illustrative example of acceleration constraints for 

continuous vibration in offices. General concepts are, however, applicable to many 

other common aspects of building performance, particularly to those affected by 



significant fuzziness. Assuming r2 / r1 = 3 and σR = 0.1 r1 it follows from Fig. 2 that for 

the cost ratio CD /C0 equal to about 100, that the building should be designed in such a 

way that the characteristics of action effects should correspond to the horizontal line at 

the level CD /C0 = 100; for example if σS = 0.1 r1, then the optimum mean is µS = 0.9 r1 

(which is equal to 0,018 ms-2 if r1 = 0.02 ms -2 and r2 / r1 = 3). For r2 / r1 = 5 it follows 

from Fig. 3 that for σR = σS = 0.1 r1, the optimum mean is µS  = r1 (which is equal to 

0.02 ms-2). Thus, with increasing upper limit r2 the optimum mean µS also increases 

(from 0.018 to 0.02 ms-2). Note, that for the standard deviation σS = 0.2 r1 the optimum 

mean µS is in both cases considerably lower (from 0.8 r1 to 0.95 r1). 

If the cost ratio CD /C0  is 104, then for r2/ r1 = 3 (Fig. 2) and, as above for σR = σS = 

0.1 r1, the optimum mean µS of the load effect is about 0.63 r1 (0.0136 ms-2), for r2 / r1 = 

5 (Fig. 3) the optimum mean µS of the load effect is about 0.72 r1 (0.0144 ms-2). Again, 

with increasing upper limit r2 the optimum mean µS also increases (from 0.0136 to 

0.0144 ms-2). For the standard deviation σS = 0.2 r1 the optimum mean µS is in both 

cases again considerably lower (less than 0.4 r1).  

Generally, with increasing cost ratio CD /C0 and increasing standard deviations σR 

and σS  the optimum mean µS and standard deviation σS decreases of the load effect S. 

For higher values of these quantities the optimum values for the mean µS and standard 

deviation σS may be quite severe and may not be achievable without introducing 

adequate structural measures. In some cases it may be necessary to revise the overall 

design of the building. Acceleration constraints considered in various international 

documents [1, 5, 6], which are generally greater than the lower limit r1, correspond to 

the optimum cost ratio CD /C0 in the range from 1 to 100 (see Fig. 2 and 3). In the case 



of office buildings such values of cost ratio seem to be rather low. Consequently, the 

values of acceleration constraints recommended in [1, 5, 6] may be uneconomical. 

However, the presented results are derived from hypothetical theoretical models 

based on available acceleration constraints indicated in the literature, which may not 

completely fit real conditions. To make a more accurate assessment of the optimum 

structural characteristics, appropriate experimental data enabling realistic definition of 

theoretical models, particularly for the membership function νR(x) and for relevant 

probability distributions, are needed. Especially both limits r1 and r2 and the type of the 

function νR(x) (which may be a non-linear function of the indicator x) should be defined 

using adequate experimental data. Nevertheless, the submitted methodical principles 

and auxiliary computer programs seem to provide effective tools for further 

development of the concept of building performance. 

 

 

5. Conclusions 

 

(1) Functional requirements are generally affected by two types of uncertainty: 

randomness and fuzziness. 

(2) Newly defined fuzzy probabilistic measures, the damage function and fuzzy 

probability of performance failure provide effective tools to analyse building 

performance. 

(3) Optimisation analysis indicates that commonly used acceleration constraints for 

continuous vibration in offices may be uneconomical. 



(4) Adequate experimental data leading to more accurate definition of fuzzy 

probabilistic models are needed for further development and practical applications of 

the proposed technique for optimisation of building performance.  
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